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Abstract
In this letter we present the complete explicit brane solution in
D-dimensional coupled gravity system.
In a previous paper [1], we studied the brane solutions in D-dimensional
coupled gravity system to black brane solutions. By using a Poincare´ invari-
ant ansatz, we found that we can solve three equations explicitly and there
remains only one equation which is a kind of Ricatti equation. Quite recently
we have completely solved this last equation. In this letter we report on this
complete explicit brane solution. We follow all our previous notations in [1]
and refer the reader to this paper for backgrounds and more references.
The equations derived from the coupled D-dimensional gravity system
are as follows:
A′′ + d(A′)2 + d˜ A′B′ +
d˜+ 1
r
A′ =
d˜
2(D − 2) S
2, (1)
B′′ + dA′B′ +
d
r
A′ + d˜(B′)2
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1
+
2d˜+ 1
r
B′ = −1
2
d
D − 2 S
2, (2)
dA′′ + (d˜+ 1)B′′ + d(A′)2 +
d˜+ 1
r
B′
−dA′B′ + 1
2
(φ′)2 =
1
2
d˜
D − 2 S
2, (3)
φ′′ +
(
dA′ + d˜B′ +
d˜+ 1
r
)
φ = −a
2
S2, (4)
(Λ′(r) eΛ(r)+aφ(r)−dA(r)+d˜B(r) rd˜+1)′ = 0, (5)
where S = Λ′ e
1
2
aφ+Λ−dA, d = p + 1 = n − 1 and d˜ = D − d − 2. These five
equations, eqs. (1)-(5), consist of the complete system of equations of motion
for four unknown functions: A(r), B(r), φ(r) and Λ(r). We will solve these
equations completely.
First it is easy to integrate eq. (5) to get
Λ′(r) eΛ(r)+aφ(r)−dA(r)+d˜B(r) rd˜+1 = C0, (6)
where C0 is a constant of integration. If we know the other three functions
A(r), B(r) and φ(r), this equation can be easily integrated to give Λ(r):
eΛ(r) = C0
∫ r
dr
e−aφ(r)+dA(r)−d˜B(r)
rd˜+1
. (7)
By using eq. (6), S can be written as
S(r) = C0
e−
a
2
φ(r)−d˜B(r)
rd˜+1
. (8)
Now we make a change of functions from A(r), B(r) and φ(r) to ξ(r),
η(r) and Y (r):
ξ(r) = dA(r) + d˜B(r), (9)
η(r) = φ(r) + a(A(r)− B(r)), (10)
Y (r) = A(r)−B(r), (11)
the equations are then changed to
ξ′′ + (ξ′)2 +
2d˜+ 1
r
ξ′ = 0, (12)
2
η′′ +
(
ξ′ +
d˜+ 1
r
)
η′ − a
r
ξ′ = 0, (13)
Y ′′ − ∆
2
(Y ′)2 +
(
d˜− d
D − 2ξ
′ +
d˜+ 1
r
+ a η′
)
Y ′
−1
2
(η′)2 − ξ′′ + 1
D − 2(ξ
′)2 = 0, (14)
Y ′′ +
(
ξ′ +
d˜+ 1
r
)
Y ′ − 1
r
ξ′ =
1
2
S2, (15)
where
∆ =
2dd˜
D − 2 + a
2. (16)
The general solutions for ξ and η can be obtained easily from eqs. (12)
and (13) and we have
ξ = ln
∣∣∣C1 + C2r−2d˜∣∣∣ , (17)
η′ =
2C2a + C3r
d˜
r(C2 + C1r2d˜)
, (18)
where C1, C2 and C3 are constants of integration. Substituting the above
expressions into eqs. (14) and (15), we obtain
Y ′′ − ∆
2
(Y ′)2 +Q(r)Y ′ = R(r) (19)
and
S2 = ∆

Y ′ − 2C2∆+ aC3 rd˜
r∆(C2 + C1r2d˜)


2
+
K r2d˜−2
∆(C2 + C1r2d˜)2
, (20)
where
Q(r) =
d˜+ 1
r
+
2C2(∆− d˜) + C3ard˜
r(C2 + C1r2d˜)
, (21)
R(r) =
2C22(∆− d˜) + 2C2C3ard˜ + 2C1C2d˜(2d˜+ 1)r2d˜ + 12C23r2d˜
r2(C2 + C1r2d˜)2
, (22)
where
K = C23 (∆− a2) + 8C1C2∆d˜(d˜+ 1), (23)
3
is a constant.
Now we solve the last equation (19). Setting
f =
∫
dre∆Y−
∫
Q(r)dr, (24)
or,
Y =
1
∆
(
ln(f ′) +
∫
Q(r)dr
)
, (25)
eq. (19) becomes (
f ′′
f ′
)
′
− 1
2
(
f ′′
f ′
)2
= R˜(r), (26)
where
R˜(r) = ∆R(r)−Q′(r)− 1
2
Q2(r)
= − d˜
2 − 1
2r2
+
Λ˜r2d˜−2
2(C2 + C1r2d˜)2
(27)
and
Λ˜ = K − 4C1C2d˜2. (28)
The left-hand side of eq. (26) is the well-known Schwartz derivative of the
function f . By exploiting the property of Schwartz derivative [2], a special
solution of eq. (26) is given as follows:
f0(r) = tan
(
k arctan
√
C1
C2
rd˜
)
, (29)
and the general solution is obtained from this special solution by an arbitrary
SL(2, R) transformation:
f(r) =
a0f0(r) + b0
c0f0(r) + d0
. (30)
Here k is a constant:
k =
1
2d˜
√
K
C1C2
. (31)
The special case considered in [1] corresponds to k = 1.
4
With this general solution in hand one can check that the other equation
(20) is also satisfied. The complete solution is rather involved and here we
only gave the solution for f(r) = f0(r):
ξ(r) = ln
∣∣∣C1 + C2 r−2d˜∣∣∣ , (32)
η(r) = C4 −
2 a
d˜
ln
∣∣∣C1 + C2 r−2d˜∣∣∣+ C3
d˜
√
C1C2
arctan
√
C1
C2
rd˜, (33)
Y (r) = C5 − 2
∆
ln(cos(k arctan
√
C1
C2
rd˜))
−1
d˜
ln
∣∣∣C1 + C2 r−2d˜∣∣∣+ aC3
d˜∆
√
C1C2
arctan
√
C1
C2
rd˜, (34)
and
A(r) =
d˜ C5
D − 2 −
2d˜
(D − 2)∆ ln(cos(k arctan
√
C1
C2
rd˜))
+
aC3
(D − 2)∆√C1C2
arctan
√
C1
C2
rd˜, (35)
B(r) = − dC5
D − 2 +
2 d
(D − 2)∆ ln(cos(k arctan
√
C1
C2
rd˜))
+
1
d˜
ln
∣∣∣C1 + C2 r−2d˜∣∣∣− a dC3
d˜ (D − 2)∆√C1C2
arctan
√
C1
C2
rd˜, (36)
φ(r) = C4 +
2 a
∆
ln(cos(k arctan
√
C1
C2
rd˜))
+
2 dC3
(D − 2)∆√C1C2
arctan
√
C1
C2
rd˜, (37)
eΛ(r) = C0 e
−aC4+(∆−a2)C5
[
2√
K
tan(k arctan
√
C1
C2
rd˜)− C6
]
, (38)
with
C0 = e
a
2
C4−
1
2
(∆−a2)C5
√
K
∆
. (39)
More details and the extension of the complete explicit solution to black
branes will be presented elsewhere [2, 3].
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